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We develop a relativistic quark model for hadron structure which, incorporates the
non-trivial structure of the vacuum of Quantum Chromodynamics as modelled by
instantons, and is dened taking properly into account gauge invariance. Hadrons
are boundstates of quarks and the strong quark-hadron vertices are determined from
an instanton induced eective lagrangian. The parameters of the model, i.e., eec-
tive instanton radius and constituent quark masses, are obtained from the vacuum
expectation values of the lowest dimensional quark and gluon operators and the low-
energy observables of the pion. We apply the formalism to the calculation of the
pion form factor by means of nonforward parton distributions and nd agreement
with the experimental data.
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1 Introduction
The quark and gluon distribution functions play an important role in the
exploration of hadron structure. Perturbative Quantum Chromodynamics
(pQCD) allows one to obtain the evolution of the distribution functions with
Q2 using Operator Product Expansion (OPE) and Renormalization Group
(RG) methods from some starting input, which cannot be calculated from
the rst principles. We have been therefore motivated to develop an eective
approach which, based on fundamental principles of QCD, serves to estimate
the observables associated with the dynamics of large distances.
Recently much attention has been paid to the o-diagonal quark (and
gluon) distribution functions parametrizing asymmetrical hadron matrix el-
ements of the light-cone quark-gluon operators. The o-diagonal distribu-
tion functions are a generalization of the conventional distribution functions,
which serve as a link between the hadronic structure functions and their form
factors.
In here, we calculate the o-diagonal leading-twist quark distribution
functions for the pion within a novel approach, which is an extension of
the famous instanton model [5]-[8] incorporating bosonization. An eective
quark-hadron lagrangian of nonlocal type, where the nonlocality is generated
by instantons, underlies our approach. We implement gauge invariance in our
eective lagrangian and in the Green functions for the quarks subject to the
external elds of the instanton or anti-instanton. The parameters of instanton
vacuum, the instanton radius and the constituent quark mass, are related to
vacuum expectation values of the lowest dimension quark-gluon operators.
The coupling constants are calculated from the compositness condition which
is formulated in our case as the vanishing of the renormalization constant of
the meson-eld.
The validity of our eective model is limited to relative quark momenta of
order p  −1c  0:5 1 GeV . Therefore the quark distribution functions we
have obtained correspond to a hadronic scale (point of normalization) given
by the range of validity of the model, i.e., 0  −1c .
We proceed in the next section to develop the model starting from the
QCD lagrangian by averaging over a chosen ensemble of instantons. We
obtain by standard procedures, complemented by bosonization techniques,
an eective lagrangian and a coupling constant condition which determines
the strength of the interaction. Section 3 is devoted to x the parameters of
the model from the experimental values of the vacuum condensates and the
3
properties of the pion. In section 4 we calculate the nonforward parton dis-
tributions associated with deeply virtual Compton scattering from which we
determine the pion wave function and the pion form factor. In an appendix
we explicitly show the contributions from the dierent diagrams.
2 Model
The investigation of the ground state properties of QCD has important con-
sequences for the description of the hadronic processes within the theory. At
present, there exist at least three main approaches for studying the structure
of the vacuum: i) the quasi-classical approximation; ii) a formalism based on
Wilson’s OPE; iii) lattice QCD. As is well-known, the main problem of the
quasi-classical method is that, for the 3 + 1- dimensional Yang-Mills theory,
the gas approximation is not able to provide the correct vacuum-vacuum
amplitudes in the background of sizeable QCD-vacuum fluctuations. In a
scale-invariant theory, like QCD, the vacuum fluctuations can have large sizes
leading to an innite instanton{anti-instanton medium density, this is the so
called infrared divergence problem, which hinders the solution. Several years
ago, Diakonov and Petrov proposed one way for stabilizing the pseudoparti-
cle medium [5, 9]. Their idea consists in the use of a probe conguration,
i.e., a specic superposition of instantons and anti-instantons, in order to
calculate the Feynman path integral for QCD. Using their Ansatz, one incor-
porates a new small packing parameter which characterizes a stable medium
of pseudoparticles, and which coincides precisely with the phenomenologi-
cal parameter characterizing a liquid of instantons [7, 8]. In here we oer
some further development of these ideas [5] leading to the construction of
an eective quark-hadron lagrangian by bosonizing the 4-fermion interaction
generated by the instantons (see for example [6]).
Let us turn to the QCD functional which has the following form [10, 11]
ZQCD =
∫
D  D hexp
(
−W I [  ;  ]
)
i; (1)
where h:::i denotes the averaging over the whole ensemble of (anti-)instantons
and the eective fermionic action has the form
exp
(


















imf −KI [  f ;  f ]
) ; (2)
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In the above equation we introduce the notation 0(x; z) for the quark zero
mode of the Dirac operator in the external (anti-)instanton eld A (v; z)
with its center in z. The phase factor guarantes the parallel transport
of color from x to y. In the local limit the action (2) describes the quark
interactions as determined from t’Hooft’s vertex KI [12]. In our approach we
assume that the instanton (I) - anti-instanton (I) vacuum is a stable medium
resembling a liquid, with the ratio of the average size to the average distance
between pseudoparticles being approximately equal to 1=3. In other words,
the medium of I − I is quite rareed [5]. Moreover it has been shown that,
in the limit of large number of colors, the distribution function in instanton
sizes is sharply peaked around the average size c, i.e., the density n() can
be approximated by nc( − c). Therefore, one can replace the averaging
over the whole ensemble of pseudoparticles by an independent averaging over
the position and color orientation of an individual instanton. Thus, we can
rewrite the generating functional (1) in the form
ZQCD =
∫
D  D exp
(∫





imf −KI [  f ;  f ]
)NI (
imf −K I¯ [  f ;  f ]
)NI¯
; (3)
where the bar denotes the averaging over an individual (anti-)instanton,
and NI(NI¯) is the number of (anti-)instantons. Therefore, one can take
into account many instanton congurations, in a simplied fashion, by tak-
ing NI(NI¯) times the single (anti-)instanton contribution if the additional
assumptions, so-called eective single instanton approximation, are imple-
mented:
i) the (anti-)instanton correlation is smaller than the packing parameter
of the medium = R ( is the average size of pseudoparticle, R is the
average distance between pseudoparticles).
ii) in the limit (Nc ! 1) the size of all (anti-)instantons is taken to be
equal to 
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The functional (3) generates the nonlocal 2Nf -fermion vertex which in








KI(I¯)[  f ;  f ]: (4)








dx  (x)i@^ (x) +
∫


















Here, a = (1; i~) are the generators of flavor space, Nc = 3 is the number of
colors,  R(L)(x) =
1
2
(1 γ5) (x) are quark elds with denite chirality. This
action is invariant under global axial ( (x) ! exp (iγ5  ) (x)) and vector
( (x) ! exp (i  ) (x)) transformations and it anomalously violates the
UA(1) symmetry ( (x) ! exp (iγ5) (x)). In what follows we neglect the
current quark mass and restrict ourselves only to the nonstrange quark sector.
In (2), the kernel of the four-quark interaction K(x; x0; y; y0) characterizes the
range of the nonlocality induced by quark-(anti-)quark instanton interaction.
Morever, a given kernel is determined by the prole function of the quark
zero modes and the QCD vacuum parameters nc and c (see, for example,
[16]). The values of nc and c are estimated, from the phenomenology of the
QCD vacuum and hadron spectroscopy, to be nc  1 fm−4, and c inside
the interval 1:6 GeV−1 to 2 GeV−1. It is important to emphasize that the
average size of instantons denes the range of nonlocality and represents a
natural cuto parameter of the eective low energy theory.
In the following, instead of the eld function  (x), we introduce the gauge
invariant eld function Ψ(x) according to the denition of Mandelstam [13]:
 (x) ! Ψ(x) = Eγ(x; y)Eg(x; y) (y)





















where A is the electromagnetic eld and A

a is the non-abelian eld, P
denotes the ordering over paths and x is a reference point.
The gauge invariant quark Green function has then the form,
Sg(x; y) = hΨ(x)Ψ(y)i =∫
DA
∫
D  D e−SQCD(A; ¯; )Ψ(x)Ψ(y): (9)
The functional integral (9) is calculated by using the Laplace method around
a single instanton conguration. We obtain,









Here, AI is the instanton eld and 0 is the quark zero mode in an arbitrary
gauge. The quark Green function (10) has the most simple form in the axial
gauge nA = 0 (n = y − x), because in this gauge the Schwinger factor
E(x; y) is equal to unity. The P -ordering exponent reduces to the usual
exponent in the coordinate system where the (anti-)instanton is located at
the origin and the x− y vector points along the time axes at ~x = ~y = ~z. The
R(x) gauge function carrying out the transition from the regular gauge to
the axial gauge was considered in ref. [14]. For the ax0 quark zero mode in






















where U is a rotation matrix in the color space and the + sign characterizes
the instanton.
We next linearize the 4-fermion nonlocal action (6) by introducing some
auxiliary eld which we will interpret as a meson eld. Such procedure has
been called in the literature bosonization.
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After the calculation of the integral over the (anti-)instanton position we
















where G ’ (N=V )−1 is the coupling constant of the 4-fermion interaction,
Γ the relevant flavor matrix and f(k) the normalized zero mode function in
the momentum representation.
For the latter function we introduce the following approximation [16]
f(k)  2c
(
2:25 exp f−cjkjg − 1:25 exp f−3cjkjg
)
: (13)
After an appropriate change of variables followed by the transformation to
the coordinate representation the action (12) becomes most suitable for lin-














Furthermore, we replace action (14) by the following action without

















where we have reinterpreted the constant g = GNc. By integrating over the
quark elds we can write the generating functional as



















For later convenience we have rotated the expression to Minkowski space.
Here Tr is the functional-group-spin trace, and
G(x; y) = i@^x(x− y)− ’(x; y); ’(x; y) =
∫
d’()f(x− )f( − y):
The auxiliary elds ’ will be considered as the physical meson elds. The
action (16) has a dierent ground state structure because in it spontaneous
chiral symmetry breaking has been implemented (see, for example [17]). The
integral over ’ in (16) is calculated in the limit Nc ! 1 by method of the




Thereafter one expands (16) the functional series around the ’0 congura-
tion,
























The derivatives over ; ; J-current of the generating functional (18) give to
us the corresponding Green functions in any order over 1=Nc. For example,

















(x− y)− Trf(1 − y)f(y − 2)f(1 − x)f(x− 2)(
i@^1(1 − 2)− ’(1; 2)
)2
: (20)
In practice, it is more convenient to use instead of (16) other represen-
tations for the eective action, also describing the interaction of the meson
elds through quark loops, but based on a quark-meson lagrangian of type
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’(   ) with a physical quark-meson coupling constant in the interaction. We
next show how to nd this coupling constant.
Let us consider elastic fermion-fermion scattering amplitude T ¯ ! ¯ . We
assume that as a result of the fermion interaction a boson state arises (for
example the -meson) with the quantum numbers of (  Γ ). In other words,
the T ¯ ! ¯ amplitude has a pole at p2 = m2M . One can write the expression
for the elastic fermion-fermion scattering in the momentum representation
T ¯ ! ¯  ΓD(p2)Γ;
where Γ are the relevant flavor and Dirac matrices. The D(p2) is the meson









f 2(k)f 2(k + p)tr (γ5S(k)γ5S(k + p)) : (21)
Further, we can expand the denominator of equation (21) in a Taylor series
around the value of the physical meson mass, and as result we obtain for the
elastic fermion scattering amplitude
T ¯ ! ¯  Γ
g
1− g(m2M)− (p2 −m2M )g0(m2M)− g ~(p2)
Γ: (22)
From the given expression we can see that the meson Green function has a
pole for the physical mass of particle, provided that
1− g(m2M) = 0: (23)
Morever, if we assume that in eq. (23) the pion mass vanishes then eq. (23)
leads to the gap equation, i.e., we reproduce the Goldstone theorem.




where we have introduced the physical quark-meson interaction coupling con-
stant g2M ¯ , which corresponds to





This equation we write in the form of a so-called coupling constant condition
[18]-[22]
ZM = 1 + g
2
M ¯ 
0(m2M) = 0; (26)
where ZM is the renormalization constant of meson eld. The physical con-
sequence of the condition ZM = 0 is that the meson elds are always found in
a dressed state. Besides, the coupling constant condition is a strong coupling
condition because it implements the dynamics responsible for the formation
of the meson states.
To end this section, let us summarize the foundations of our approach:
i) an eective quark-meson interaction lagrangian in gauge-invariant form
given by
LintM (x) = gM ¯ 
∫
d1d2f(1)f(2)
 (x+ 1)Eγ(x+ 1; x)ΓMM(x)Eγ(x; x− 2) (x− 2); (27)
where ΓM is the flavor matrix, associated to the meson flavor, and

















ii) The proecedure is completed by a coupling constant condition (26) with
the help of which we can calculate the physical value of the quark-
hadron interaction constant.
3 Model parameters
We briefly discuss the model parameters (for details, see ref. [16]). Due to
the eect of spontaneous breaking of the chiral symmetry, the momentum
dependent quark mass Mq(k) is dynamically generated. It obeys the well-
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where Mq(k) is the momentum dependent quark mass, nc = M
2
q =G is the
density of the instanton medium ( G is the four-fermion interaction constant)
and Mq Mq(0). The solution of eq.(29) has the form
Mq(k) = Mqf
2(k2): (30)
Given the value of the dynamical mass, one can obtain the value of the quark
condensate,
hqqi = lim







and the average quark virtuality in the vacuum [23]-[24],
2q 
h: qD2q :i














q characterizes the diluteness of the instanton liquid
vacuum.
For the moment, it is instructive to consider equations (29) - (32) ne-
glecting M2q (k), in relation to k
2, in the denominator of the integrands. This
approximation is justied in the dilute liquid regime where hk2i  2q >>
M2q (
2
q). Using the explicit form of the momentum representation of the zero
mode in the axial gauge [16] from (31), (32) we have [15]
hqqi = −2NcMq
4c2




By inverting these relations, we are able to express the parameters of the












1Here and below, all Feynman diagrams are calculated in Euclidean space (k2 = −k2E)
where the instanton induced form factor is defined, and where it rapidly decreases so that
no ultraviolet divergences arise. At the very end we simply rotate back to Minkowski space.
One can verify that the numerical dependence of the results on the pion mass and the
current quark mass is negligible and can be safely ignored in the following considerations.
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From these relations the model parameters, c and Mq, can be estimated in
terms of the quark condensate, hqqi  −(230 MeV)3 [25] and the average
quark virtuality. The latter can be calculated using QCD sum rules, such
as 2q = 0:4  0:2 GeV2 [26], and lattice QCD (LQCD) calculations, which
yield 2q = 0:55  0:05 GeV2 [27]. These values lead to c  2GeV−1 and
Mq  0:3GeV. The combined analysis of the vacuum and pion properties
conrms such estimates [16] and gives for the allowable range of parameters,
1:5GeV−1 < c < 2GeV−1, 0:22GeV < Mq < 0:26GeV. We note that the
diluteness condition  = M2(2q)=
2
q  1 is well satised within the whole
window.
4 Deeply virtual Compton scattering and non-
forward parton distributions
Let us consider the deeply virtual Compton scattering (DVCS) within our
model. The interest of such investigation is that it denes a procedure to
calculate the nonforward parton distributions, which correspond to a gener-
alization of the both, the parton distributions and the hadronic form factors.
During virtual Compton scattering, a pion with momentum p absorbs
the virtual photon of momentum q, producing an outgoing real photon of
momentum q0 = q + r and a recoiling pion with momentum p0 = p− r. We
will concentrate on the deeply virtual kinematic region of q, i.e., the Bjorken
limit: Q2 = −q2 !1; p  q !1 and Q2=(p  q) nite.
We shall consider two cases: t = 0 and t 6= 0, where t = r2. At rst, we
begin with the most general case, namely the second. The expression for the
Compton scattering amplitude of the photon o the pion, with momenta p,
q in the initial state and p0, q0 in the nal state, (see, g. 1) is given by
T(p; q) =
∫





The S-matrix has the standard form




dx [Leff(x) + Lem(x)]
)
: (35)
This amplitude corresponds to a set of diagrams drawn on g. 2. The
diagrams labelled (c) and (d) are suppressed in the Bjorken limit, therefore
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we will only pay attention to the diagrams (a) and (b). Moreover, diagram
(a) gives the biggest contribution. The general method for obtaining of the
o-diagonal distribution function can be found in [4], [28]. Let us write the
contribution of diagram (a) to the scattering amplitude in the momentum
representation






f(k2)f 2((k − p)2)f((k − r)2)
tr
(
γ5S(k− p)γ5S(k)γS(k + q)γS(k− r)
)
: (36)
To calculate the asymptotic form in the large Q2 limit, it is convenient to
dene a special coordinate system (see, for instance [28]) in which light-like
vectors p and q0 are collinear. Then other vectors are expanded in terms of
p, n^  q0=(p  q0) and transverse vectors 2:











q = −p + (p  q)n^ + q? ;  = rk  n^ = 1− p0  n^;
p  q = p  q0 + t
2
; (37)
where  is the asymmetry parameter which in the Bjorken limit coincides
with the Bjorken variable xB for deep-inelastic scattering







We insert the given decompositon of 4-vectors in eq. (36) and carry out
the integration over k to arrive at the following expression∫
d4k
42i
I(k; p; n^) = pn^C1(k; p; n^) + n^pC2(k; p; n^) + gC3(k; p; n^);
(38)
here I(k; p; n^), Cn(k; p; n^); (n = 1; ::; 3) are a some structure functions. In
(38) we omit terms which are suppressed in the Bjorken limit. Then, using
1∫
−1
d ~X( ~X − kn^) = 1; (39)
2To define the parton distribution we formally turn to the Minkowski signature.
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F∆ (X; t) + F (X; t)
)
;(40)
where the contributions to the nonforward parton distribution are dened by
the box diagrams, i.e.,








f(k)f 2(k − p)f(k − r)
tr
(
γ5S(k − p)γ5S(k)n^  γS(k − r)
)
(X − kn^) + (X ! X) (41)
and vertex correction diagrams, i.e.,








f(k)f 2(k + p0)
1∫
0











(X − kn^) + (X −  + kn^)
)
+ (X ! X): (42)
The variable X is the total fraction of the initial hadron momentum p
carried by the active quark, and satises the kinematical constraint 0  X 
1.
In order to calculate the structure integrals in eqs. (41) and (42) we
use the −representation for all propagators, the Laplace transform for the
nonlocal vertex function f(k) and the integral representation for −function.
Note that, in the k−integrals which appear in the above equations, we use
the Euclidean signature, but at the nal stage we move back to Minkowski
space for the external momenta. In the case of t = 0 we consider a family
of asymmetric distribution functions F(X) whose shapes change with  .
The  -dependence of the asymmetric function is the main dierence with
respect to the double distribution function F (x; y) recently introduced by
Radyushkin [4]. The asymmetric function F(X) satises the sum-rule,
1∫
0
dXF(X) = 1: (43)
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This distribution function has the following properties [4]: When the total
momentum fraction X of the initial hadron momentum p is larger than the
fraction  of the momentum transfer r, the function F(X) can be treated
as a generalization of the usual distribution function. When X <  , the
asymmetric function can be treated like a distribution amplitude  of the
qq-states, in our case the pion, with momentum p.
One can show in a model-independent manner that the asymmetric quark
distribution function F(X) becomes the pion wave function for  = 1. In-
deed, let us consider the hadron matrix element of the electromagnatic cur-
rent operator,
< (p0)jJ(0)j(p) > : (44)





′x < 0jT@  A(x)J(0)j(p) >; (45)
where A(x) is the axial current. Since the recoil pion momentum p
0 is zero
at  = 1, then we obtain, by taking into account current algebra and, the
commutation of @0 and T -product,
1
f
< 0j[Q5(0); J(0)]j(p) >= 1
f
< 0jA(x)j(p) > (x); (46)
where Q5 is the axial charge, (x) is the pion wave function.
The asymmetric quark distribution functions F∆ and F are shown in
Fig.1.
Finally, the integration of Eqs. (41), (42) over the total momentum frac-
tion X yields the following sum rule:
1∫
0
dXF(X; t) = F(t); (47)
where F(t) is the hadronic form factor normalized to unity. The behavior
of the form factor F(t) is shown in Fig. 2. Our numerical results are in
agreement with experimental data and also coincide with results given by
other approaches (see, for example, [29, 30]).
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5 Concluding remarks
We have used the instanton liquid model of the QCD vacuum to obtain an
eective quark-hadron lagrangian by bosonizing the 4-fermion interaction
generated by the instantons. The procedure imposes a coupling constant
condition which allows us to calculate the physical value of the quark-hadron
interaction constant.
The parameters of the model, related to the properties of the vacuum
structure, have been xed by using the < qq > condensate and the average
quark virtuality of the vacuum. Furthermore, the pion properties conrm
our estimates.
We have considered within the model deeply virtual Compton scattering,
a procedure which allows the calculation of nonforward parton distributions.
We have calculated the asymmetric distribution functions and shown that in
the  = 1 limit reduce to the pion wave function. Finally the integration over
the total momentum fraction on the nonforward parton distribution yields
the pion form factor. Our results agree with those of other authors and with
experiments.
The procedure, here developed, can be generalized to other mesons and to
baryons, and work is proceeding in that direction. However, we must point
out, that a straightforward generalization for the case of baryons implies
tremendous computational eorts. We are in the latter case investigating
the possibility of a mixed scenario.
This work represents an step forward in the direction of deriving a model
for hadron structure directly from QCD with well established assumptions.
The case of the pion has been succesfully solved.
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1. The contribution arising from the basic diagrams (see, g. 1a):


























1 + 34(1− ) exp
(
−t(1−X) 341







d1::d5 ~f1(1) ~f2(2) ~f1(3)
(1− )(1−X)t35(~3)
(14 + 35(1− ))2
exp
(
−M2(45 + ~3)− t(1−X) 3514
14 + 35(1− )
)
:
2. The contribution arising from the tadpole diagrams (see, g.1b):










I(1) (; t) =
1∫
0





















I(2) (; t) =
1∫
0









































− 2 1−  +X
X
− 1;
^2 = −3 (1− )−X
 −X − 2
1−X
 −X − 1;




^4 = −3 X − 
1−  +X − 1
X
1−  +X − 2:
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Fig. 1. The Compton scattering of a virtual photon with momentum q




Fig. 2. The diagrams contributing to the Compton Scattering amplitude:
(a) is the basic type and (b)− (d) are tadpoles.
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Fig. 3. The asymmetric distribution functions at dierent values of an
asymmetry parameter  . The solid line shows the contribution to the distri-
bution function of both the basic and the tadpole diagrams; the dashed-line
represents the contribution from the tadpoles alone.
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Fig. 4. The pion elctromagnetic form factor. The solid line shows the
contribution from both the basic and tadpole diagrams, the dashed-line again
represents the contribution from the tadpoles only.
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